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Abstract
The Lakshmanan equivalent counterparts of the someMyrzakulov equa-
tions are found.
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The structure of (1+1)-dimensional soliton equations is now very well under-
stood, and the question arises whether integrable equations in (2+1)-dimension
exist with such a structure. In the study of nonlinear equations, a well know
Lakshmanan and gauge equivalence (or briefly, L-equivalence and g-equivalence
respectively) take place between the spin equations and the nonlinear Schrodinger-
type equations [2-3]. In a series of papers [1] have studied families of new soliton
equations in (2+1)-dimensions. In this paper we find the Lakshmanan equiva-
lent and gauge equivalent counterpart of the M-VIII equation.
The so-called Myrzakulov-VIII equation (according to the notations of ref
[1]) is given by
iSt =
1
2
[Sxx, S] + iuxSx (1a)
uxy =
1
4i
tr(S[Sy, Sx]) (1b)
where the subscripts denote partial derivatives and S denotes the spin matrix
(r2 = ±1)
S =
(
S3 rS
−
rS+ −S3
)
, (2)
S2 = I
Eq. (1) is integrable,i.e. admits Lax representation [7] and different type
soliton solutions [8]. Now we wist find the Lakshmanan equivalent counterpart
of the M-VIII equation (1). To this end, starting from the results of the ref.[8]
we consider the molion of sutface moving in R3 which generated by a position
vector ~r(x, y, t). Here x and y are local coordinates on the surface. The first
and second fundamental forms in the usual notation are given by
I = d~rd~r = Edx2 + 2Fdxdy +Gdy2 (4)
II = −d~rd~n = Ldx2 + 2Mdxdy +Ndy2 (5)
where
E = ~rx~rx = g11, F = ~rx~ry = g12, G = ~ry2 = g22, (6)
L = ~n~rxx = b11,M = ~n~rxy = b12, N = ~n~ryy = b22, ~n =
(~rx ∧ ~ry)
|~rx ∧ ~ry| (7)
At a fixed time, the tangent (~rx, ~ry) and normal (~n) vectors satisfy the
following Gauss-Weingarten equations (GUE)
~rxx = Γ
1
11~rx + Γ
2
11~ry + L~n (8a)
~rxy = Γ
1
12~rx + Γ
2
12~ry +M~n (8b)
~ryy = Γ
1
22~rx + Γ
2
22~ry +N~n (8c)
~nx = p1~rx + p2~ry (8d)
~ny = q1~rx + q2~ry (8e)
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where Γkij are the Christoffel symbols of the second kind defined by the metric
gij and g
ij = (gij)
1 as
Γkij =
1
2
gkl(
∂glg
∂xi
+
∂gil
∂xj
− ∂gij
∂xl
) (9)
The coefficients pi, qi are given by
pi = −b1jgji (10a)
qi = −b2jgji (10b)
The compatibility conditions ~rxxy = ~rxyx and ~ryyx = ~rxyy yield the following
Mainardi-Peterson-Codazzi equations (MPCE)
∂Γlij
∂xk
− ∂Γ
l
ik
∂xj
+ ΓsijΓ
l
ks − ΓsikΓljs = bijblk − bikblj . (11a)
∂bij
∂xk
− ∂bik
∂xj
= Γsikbis − Γsijbks (11b)
where bji = g
jlbil, x
1 = x, x2 = y.
Let E = ~r2x = 1. Then we can introduce the orthogonal trihedral - the new
basic unit vectors [1]
~e1 = ~rx, ~e2 = ~n, ~e3 = ~e1 ∧ ~e2. (12)
Now from () and () after some algebra follows that the vectors ~ei satisfy the
following set of equations
~eix = ~D ∧ ~ei (13a)
~eiy = ~M ∧ ~ei (13b)
where
~D = τ~e1 + k~e3, ~M = m1~e1 +m2~e2 +m3~e3, k = L, τ =
L2N√
G
(m1,m2,m3) =
Motion of a surface in the basic ~ei can be prescribed in the form
~eit = ~Ω ∧ ~ei, ~Ω =
3∑
j=1
wj~ej (13c)
where wj(x, y, t) are temporally unknown functions. Now let ~e1 = ~S, where ~S
is the spin vector satisfing the vector form of equation (1)
~St + ~S ∧ ~Sxx + ux~Sx = 0 (14a)
uxy = −~S(~Sx ∧ ~Sy) (14b)
With these choices, the functions wj take the following expressions
w3 = k(τ − ux)
3
w2 = −kx
w3 =
kxx
k
+ τ2 − uxτ
Now we ready to find the L-equivalent counterpart of equation (1)(or(14)).
Let us introduce the new complex function
ψ(x, y, t) = aeib
where a(x, y, t) and b(x, y, t) are the some function of ~S [1], for example,
4a2(x, y, t) = α(2a + 1)~Sx~Sy + iα~S(~Sx ∧ ~Sy)− a(a+ 1)~S2x − α2~S2y . (17)
Then ψ(x, y, t) satisfies the following Zakharov equation [4]
iqt + qxx + vq = 0, (18a)
ipt − qxx − vq = 0, (18b)
vy = 2(pq)x (18c)
where p = r2q. This set of equationis the equivalent counterpart of eqs.(1). On
the other hand,in [5] was shown that eqs.(1) and (18) are gauge equivalense
each other.
Finally, we note that eqs.(1) are the particular case of the Myrzakulov-IX
equation [1]
iSt +
1
2
[S,M1S] +A1Sx +A2Sy (19a)
M2u =
α
4i
tr(S[Sy, Sx]) (19b)
where α, b, a consts and
M1 = α
2 ∂
2
∂y2
− 2α(b − a) ∂
2
∂x∂y
+ (a2 − 2ab− b) ∂
2
∂x2
;
M2 = α
2 ∂
2
∂y2
− α(2a + 1) ∂
2
∂x∂y
+ a(a+ 1)
∂2
∂x2
,
A1 = iα{(2ab + a+ b)ux − (2b+ 1)αuy}
A2 = i{α(2ab + a+ b)uy − (2a2b+ a2 + 2ab+ b)ux},
Eqs.(19) admit the two integrable reductions. As b=0, eqs. (19) after the
simply transformation reduces to the M-VIII equation (1) and as a = b = −1
2
to the Ishimori equation. In general we have the two integrable cases: the M-
IXA equation as α2 = 1, the M-IXB equation as α2 = −1. We note that the
M-IX equation is integrable and admits the Lax representation [1]
αΦy =
1
2
[S + (2a+ 1)I]Φx (20a)
Φt =
i
2
[S + (2b+ 1)I]xx +
i
2
WΦx (20b)
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where
W1 =W −W2 = (2b+ 1)E + (2b− a+ 1
2
)SSx + (2b+ 1)FS
W2 =W −W1 = FI + 1
2
Sx +ES + αSSy
E = − i
2α
ux, F =
i
2
(
(2l + 1)ux
α
− 2uy)
Hence as b = 0 we get the Lax refresentation of the M-VIII(1). Both the
M-IX and M-VIII equations admit the different type exact solutions (solitons,
lumps, vortex-like, dromion-like and so on)[7]. As shown in [6] eqs. (19) have
the following L-equivalent and g-equivalent[5]) counterpart
iqt +M1q + vq = 0 (21a)
iqt −M1p− vp− 0 (21b)
M2v =M1(pq) (21c)
where p = r2q¯. As well known these equations are too integrable [4] and as in
the previous case, eqs. (21) have the two integrable reductions:eqs(18)as b=0
and the Davey-Stewartson equation as a = b = −1
2
.
APPENDIX
Here we present the L- and g- equivalent of the M-XXII equation
−iSt = 1
2
([S, Sy] + 2iuS)x +
i
2
V1Sx − 2ia2Sy
ux = −~S(~Sx ∧ ~Sy)
V1x =
1
4a2
(~S2x)y
It has the form
qt = iqyx − 1
2
[(V1q)x − qV2 − qrqy]
rt = −iryx − 1
2
[(V1r)x − qrry + rV2]
V1x = (qr)y
V2x = ryxq − rqyx
Both these set of equations are integrable and the corressponding Lax repre-
sentations were presented in[1].
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